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Abstract
In this paper we treat the Law’s effective Hamiltonian of the Dynamical Casimir Ef-
fect in a cavity and construct an analytic approximate solution of the time–dependent
Schro¨dinger equation under the general setting through a kind of rotating wave approx-
imation (RWA). To the best of our knowledge this is the finest analytic approximate
solution.
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1 Introduction
In this paper we revisit the so-called dynamical Casimir effect (DCE). It means the photon
generation from vacuum due to the motion (change) of neutral boundaries, which corresponds
to a kind of quantum fluctuation of the electro-magnetic field.
This phenomenon is a typical example of interactions between the microscopic and the
macroscopic levels and is very fascinating from the point of view of not only (pure) Physics
but also Mathematical Physics. As a general introduction to this topic, see for example [1].
In the paper we treat the effective Hamiltonian by Law [2] (which is time–dependent)
and propose a kind of rotating wave approximation to the model and construct an ana-
lytic approximate solution under the general setting in terms of some infinite dimensional
representation of the Lie algebra su(1, 1). This is the best solution known so far.
2 Model and RWA
First of all let us make a brief review of Law [2] within our necessity. See also [3] and [4]. In
the following we set h¯ = 1 for simplicity.
As an effective Hamiltonian of the dynamical Casimir effect in a cavity (Cavity DCE for
simplicity) we adopt the simplest one which is the special case of [2] (namely, ǫ(x, t) = ǫ(t)).
However, this is fruitful enough as shown in the following. We set
H = ω(t)a†a+ iχ(t)
{
(a†)2 − a2} (1)
where ω(t) is a periodic function depending on the cavity form and χ(t) is given by
χ(t) =
1
4ω(t)
dω(t)
dt
=
1
4
d
dt
log |ω(t)|.
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Here a and a† are the cavity photon annihilation and creation operators respectively. There-
fore, the physics that we are treating is two-photon generation processes from the vacuum
state.
We would like to solve the Schro¨dinger equation
i
d
dt
|Ψ(t)〉 = H|Ψ(t)〉 = H(t)|Ψ(t)〉 (2)
explicitly under the general setting.
If H is time–independent, then the general (formal) solution is given by
|Ψ(t)〉 = e−itH |Ψ(0)〉.
Of course, to calculate e−itH exactly is another problem (which is in general very hard).
However, in our case H is time–dependent, so solving (2) becomes increasingly difficult. We
must make some approximation to the Hamiltonian.
We impose further restrictions on the model. Since ω(t) is periodic we take ω(t) as in [3]
ω(t) = ω0(1 + ǫ sin(ηt))
where ω0, ǫ and η are real constants. We assume that ω0 > 0, 0 < ǫ ≪ 1 and η is large
enough. Under the restrictions we may set
ω(t) ≈ ω0 and χ(t) = ǫη cos(ηt)
4(1 + ǫ sin(ηt))
≈ ǫη
4
cos(ηt).
Then the Hamiltonian (1) is approximated by
H = ω0a
†a+ i
ǫη
4
cos(ηt)
{
(a†)2 − a2} . (3)
We apply a kind of rotating wave approximation (RWA) to this model. Since
cos(ηt) =
eiηt + e−iηt
2
=
1
2
eiηt
(
1 + e−2iηt
)
=
1
2
e−iηt
(
1 + e2iηt
)
we neglect the term e−2iηt or e2iηt like
cos(ηt)
{
(a†)2 − a2} = cos(ηt)(a†)2 − cos(ηt)a2 ≈ 1
2
{
e−iηt(a†)2 − eiηta2} .
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Note that the right hand side is anti–hermitian. See for example [5], [6] for more details on
RWA.
As a result our Hamiltonian (3) changes to
H˜ = ω0a
†a+ i
ǫη
8
{
e−iηt(a†)2 − eiηta2} = ω0N + iǫη
8
{
e−iηt(a†)2 − eiηta2} , (4)
which is hermitian. Our aim is to solve the modified Schro¨dinger equation
i
d
dt
|Ψ(t)〉 = H˜|Ψ(t)〉 = H˜(t)|Ψ(t)〉 (5)
explicitly under the general setting.
3 Method of Solution
In order to solve the equation (5) we use a well–known Lie algebraic method, see for example
[7], [8]. If we set
K+ =
1
2
(a†)2, K− =
1
2
a2, K3 =
1
2
(
N +
1
2
)
(6)
it is not difficult to see both K†+ = K−, K
†
3 = K3 and the su(1, 1) relations
[K3, K+] = K+, [K3, K−] = −K−, [K+, K−] = −2K3 (7)
by use of the relations (Heisenberg relations)
[N, a†] = a†, [N, a] = −a, [a, a†] = 1 (⇐⇒ [a†, a] = −1).
In terms of {K+, K−, K3} the Hamiltonian (4) can be written as
H˜ = −ω0
2
+ 2ω0K3 +
iǫη
4
(
e−iηtK+ − eiηtK−
)
. (8)
Next, we review the basic su(1, 1) relations. If we set {k+, k−, k3} as
k+ =
 0 1
0 0
 , k− =
 0 0
−1 0
 , k3 = 1
2
 1 0
0 −1
 (9)
it is easy to check the basic su(1, 1) relations
[k3, k+] = k+, [k3, k−] = −k−, [k+, k−] = −2k3. (10)
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Note that k†+ = −k− (⇔ K†+ = K−). That is, {k+, k−, k3} are generators of the Lie algebra
su(1, 1) of the non-compact group SU(1, 1).
Since SU(1, 1) is contained in the special linear group SL(2;C), we assume that there
exists an infinite dimensional unitary representation ρ : SL(2;C) −→ U(F) (group homo-
morphism1) satisfying
dρ(k+) = K+, dρ(k−) = K−, dρ(k3) = K3 (11)
where dρ is its differential representation and F is the Fock space generated by the generators
{a†, a, N ≡ a†a} stated above (see [8] for more details).
Then, since dρ is linear the main part of (8) becomes
2ω0K3 +
iǫη
4
(
e−iηtK+ − eiηtK−
)
= 2ω0dρ(k3) +
iǫη
4
(
e−iηtdρ(k+)− eiηtdρ(k−)
)
= dρ
(
2ω0k3 +
iǫη
4
(
e−iηtk+ − eiηtk−
))
and we set
h˜ ≡ 2ω0k3 + iǫη
4
(
e−iηtk+ − eiηtk−
)
=
 ω0 iǫη4 e−iηt
iǫη
4
eiηt −ω0
 . (12)
Note that h˜ is not hermitian.
Here, we would like to solve the (small) Schro¨dinger–like equation
i
d
dt
|ψ(t)〉 = h˜|ψ(t)〉 = h˜(t)|ψ(t)〉. (13)
For the purpose we decompose h˜ = h˜(t) into ω0 iǫη4 e−iηt
iǫη
4
eiηt −ω0
 =
 e−i η2 t
ei
η
2
t
 ω0 iǫη4
iǫη
4
−ω0
 ei η2 t
e−i
η
2
t

and set
|φ(t)〉 =
 ei η2 t
e−i
η
2
t
 |ψ(t)〉 ⇐⇒ |ψ(t)〉 =
 e−i η2 t
ei
η
2
t
 |φ(t)〉.
1In general, to construct a (Lie) group homomorphism is very hard. See some textbook of Lie groups.
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Then, it is easy to see
i
d
dt
|φ(t)〉 =
 ω0 − η2 iǫη4
iǫη
4
− (ω0 − η2)
 |φ(t)〉 ≡ A|φ(t)〉. (14)
Since A is time–independent the general solution is given by
|φ(t)〉 = e−itA|φ(0)〉,
and to calculate the term e−itA is relatively easy.
For simplicity we set
A =
 ω0 − η2 iǫη4
iǫη
4
− (ω0 − η2)
 ≡
 c id
id −c
 , c = ω0 − η
2
, d =
ǫη
4
.
Noting
A2 = (c2 − d2)12, c2 − d2 =
(
ω0 − η
2
)2
−
(ǫη
4
)2
(we assume that c > d) we have
e−itA =
∞∑
n=0
(−it)2n
(2n)!
A2n +
∞∑
n=0
(−it)2n+1
(2n+ 1)!
A2n+1
≡
 α¯ β
β α
 (15)
where
α = α(t) = cos
(
t
√
c2 − d2
)
+ i
sin
(
t
√
c2 − d2)√
c2 − d2 c, β = β(t) =
sin
(
t
√
c2 − d2)√
c2 − d2 d
and
β
α
=
sin(t
√
c2−d2)√
c2−d2 d
cos
(
t
√
c2 − d2)+ i sin(t√c2−d2)√
c2−d2 c
.
Going back to |ψ(t)〉 from |φ(t)〉 we obtain
|ψ(t)〉 =
 e−i η2 t
ei
η
2
t
 α¯ β
β α
 |ψ(0)〉 =
 α¯e−i η2 t βe−i η2 t
βei
η
2
t αei
η
2
t
 |ψ(0)〉 (16)
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with (15). Here, note that∣∣∣∣∣∣ α¯e
−i η
2
t βe−i
η
2
t
βei
η
2
t αei
η
2
t
∣∣∣∣∣∣ = |α|2 − β2 = 1 =⇒
 α¯e−i η2 t βe−i η2 t
βei
η
2
t αei
η
2
t
 ∈ SL(2;C).
Next, let us recall the (well–known) Gauss decomposition of elements in SL(2;C) : a b
c d
 =
 1 bd
0 1
 1d 0
0 d
 1 0
c
d
1
 (d 6= 0, ad− bc = 1)
because
1
d
+
bc
d
=
1 + bc
d
=
ad
d
= a.
This formula gives α¯e−i η2 t βe−i η2 t
βei
η
2
t αei
η
2
t
 =
 1 βαe−iηt
0 1
 1αe−i η2 t 0
0 αei
η
2
t
 1 0
β
α
1

= exp
 0 βαe−iηt
0 0
×
exp
 − logα− iη2 t 0
0 logα + iη
2
t
×
exp
 0 0
β
α
0

= exp
(
β
α
e−iηtk+
)
exp
(
−2
(
logα + i
η
2
t
)
k3
)
exp
(
−β
α
k−
)
by (9).
Here, we apply the (group) homomorphism ρ to this case. Since ρ is a group homomor-
phism (namely, ρ(ABC) = ρ(A)ρ(B)ρ(C)) we have
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ρ α¯e−i η2 t βe−i η2 t
βei
η
2
t αei
η
2
t

= ρ
(
exp
(
β
α
e−iηtk+
))
ρ
(
exp
(
−2
(
logα + i
η
2
t
)
k3
))
ρ
(
exp
(
−β
α
k−
))
= exp
(
β
α
e−iηtdρ(k+)
)
exp
(
−2
(
logα+ i
η
2
t
)
dρ(k3)
)
exp
(
−β
α
dρ(k−)
)
(⇓ by definition)
= exp
(
β
α
e−iηtK+
)
exp
(
−2
(
logα + i
η
2
t
)
K3
)
exp
(
−β
α
K−
)
(⇓ by (11)).
This is just the disentangling formula that we are looking for. Note that our derivation is
heuristic (not logical) because we have assumed the existence of the Lie group homomorphism
ρ, which is not established.
We can conjecture the general solution of the equation (5) with (8) as
|Ψ(t)〉 = eiω02 t exp
(
β
α
e−iηtK+
)
exp
(
−2
(
logα + i
η
2
t
)
K3
)
exp
(
−β
α
K−
)
|Ψ(0)〉. (17)
Let us prove this conjecture. For the purpose we set
U(t) = ei
ω0
2
tef(t)K+eg(t)K3eh(t)K− , U(0) = 1 (identity) (18)
with unknown functions f(t), g(t), h(t) (f(0) = g(0) = h(0) = 0). By use of the method
developed in [8] or [4] we obtain
i
d
dt
U(t) =
{
−ω0
2
+ i(f˙ − g˙f + h˙e−gf 2)K+ + i(g˙ − 2h˙e−gf)K3 + ih˙e−gK−
}
U(t) (19)
where we have used the notations like df
dt
= f˙ , etc for simplicity.
If we set
f(t) =
β
α
e−iηt =
sin(t
√
c2−d2)√
c2−d2 d
cos
(
t
√
c2 − d2)+ i sin(t√c2−d2)√
c2−d2 c
e−iηt,
g(t) = −2
(
logα + i
η
2
t
)
= −2
{
log
(
cos
(
t
√
c2 − d2
)
+ i
sin
(
t
√
c2 − d2)√
c2 − d2 c
)
+ i
η
2
t
}
,
h(t) = −β
α
= −
sin(t
√
c2−d2)√
c2−d2 d
cos
(
t
√
c2 − d2)+ i sin(t√c2−d2)√
c2−d2 c
(20)
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with c = ω0 − η2 and d = ǫη4 , then a long but straightforward calculation shows
−ω0
2
+ i(f˙ − g˙f + h˙e−gf 2)K+ + i(g˙ − 2h˙e−gf)K3 + ih˙e−gK−
= −ω0
2
+
iǫη
4
e−iηtK+ + 2ω0K3 − iǫη
4
eiηtK−
= −ω0
2
+ 2ω0K3 +
iǫη
4
(
e−iηtK+ − eiηtK−
)
= H˜.
As a result the general solution is given by
U(t)|Ψ(0)〉 = |Ψ(t)〉. (21)
This concludes the proof.
For example, when |Ψ(0)〉 = |0〉 the vacuum state (a|0〉 = 0), some calculation by use of (6)
gives
|Ψ(t)〉 = eiω02 t exp
(
β
α
e−iηtK+
)
exp
(
−2
(
logα + i
η
2
t
)
K3
)
exp
(
−β
α
K−
)
|0〉
=
ei
c
2
t
√
α
∞∑
n=0
√
2nCn
(
β
2α
e−iηt
)n
|2n〉 (22)
with α = α(t), β = β(t) and c = ω0 − η2 in (15).
4 Reconfirmation
In this section let us reconfirm our method. Our real target is the following “Hamiltonian”
h =
 ω0 iǫη2 cos(ηt)
iǫη
2
cos(ηt) −ω0

(h is not hermitian) and to solve the (small) Schro¨dinger–like equation
i
d
dt
|ψ(t)〉 = h|ψ(t)〉 = h(t)|ψ(t)〉.
However, it is very difficult to solve at the present time.
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Since ei η2 t
e−i
η
2
t
 h
 e−i η2 t
ei
η
2
t
 =
 ω0 iǫη4
iǫη
4
−ω0
+
 iǫη4 e2iηt
iǫη
4
e−2iηt

we can neglect the last term by the rotating wave approximation when η is large enough.
Therefore, we changed h into h˜
h˜ =
 e−i η2 t
ei
η
2
t
 ω0 iǫη4
iǫη
4
−ω0
 ei η2 t
e−i
η
2
t
 =
 ω0 iǫη4 e−iηt
iǫη
4
eiηt −ω0

(h˜ is still not hermitian) and solved the equation
i
d
dt
|ψ(t)〉 = h˜|ψ(t)〉 = h˜(t)|ψ(t)〉
explicitly.
5 Concluding Remarks
In this paper we treated the Law’s effective Hamiltonian of the Dynamical Casimir Effect in a
cavity, and considered a kind of rotating wave approximation for the model, and constructed
an analytic approximate solution under any initial condition. Our construction is based on
some infinite dimensional representation of the Lie algebra su(1, 1). We believe that the
method is simple, powerful and beautiful. As for related topics see [9], [10] and [11], [12]
(the last two are highly recommended).
Our approximate Hamiltonian is still time–dependent. In general, to solve the Schro¨dinger
equation with a time–dependent Hamiltonian explicitly is very hard. As stated in the ab-
stract this is the best analytic approximate solution as far as we know.
What we did in the paper is of course nothing but an intermediate stage because we must
detect photon generated by the vacuum state. How do we detect ? How do we construct a
unified model containing the detection ? Such a model has been presented by [3] and [4]. In
a forthcoming paper (papers) we will apply the result in this paper to the model.
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